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Abstract
We derive the full analytic expression for the QCD eikonal cou-
pling of a quark-antiquark state to the exchanged gluon-gluon state
in the BFKL formalism. The formula is valid for all conformal spin
configurations of the qq and gg states. In particular, a new selection
rule on conformal spins characterizes the non-dominant BFKL com-
ponents with intercept below the Pomeron in the conformal-invariant
framework.
1. The new experimental results on deep-inelastic physics at small x (HERA,
Tevatron) have contributed to revive the old but pertinent QCD approach
of Lipatov and collaborators [1]. This approach allows one to calculate the
resumed perturbative contribution of gluon-gluon states to the hard QCD
Pomeron. This contribution is expected to dominate the structure functions
at small x in the leading (α log 1/x)n orders (LLA approximation). However
in all known physical situations, it remains to determine the coupling of
this gluon-gluon exchanged state to the qq state present in the projectile
and/or target wave-function. It is for instance the case in the QCD dipole
model [2] of the virtual photon and the proton [3] interacting in deep-inelastic
scattering.
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The problem of coupling the BFKL Pomeron to external quarks (or anti
quarks) has already been addressed [4, 5]. A first approach considers a local
coupling to quark [4], but it explicitely spoils the conformal invariance of
the theory. As shown later on [5], conformal invariance can be preserved,
provided one uses a wave-function of the incident qq pair obeying gauge in-
variance properties [6]. A convenient way of satisfying these constraints is to
consider the eikonal coupling of the qq state to the two-gluon exchanged state
[4, 5, 7]. In particular, the initial dipole states described in the framework of
the QCD dipole model [3] satisfies this eikonal prescription.
The aim of our paper is to derive the most general eikonal coupling of a
qq state to the BFKL Pomeron. In a first part 2. we recall the properties
of the conformal-invariant basis giving a complete description of the BFKL
Pomeron states. In a second part 3. we derive the most general expression of
the eikonal vertices in terms of this conformal basis and explicitly compute
the whole set of components labelled by the conformal spin n of the gluon-
gluon state and the conformal spin n′ of the qq one ((n, n′) ∈ Z). We
generalize the previous result [7] obtained for n = n′ = 0, and, as shown in
section 4. find new selection rules, namely n− n′ ≡ 0 (mod.4). Interestingly
enough, this leads to a first secondary conformal-invariant trajectory with
vacuum quantum numbers and intercept around 1
2
below the Pomeron. The
solution is found to be a couple of convergent series in transverse momentum.
Section 5. summarizes our results. Appendix A1 gives the derivation of a
pseudo orthogonality relation between conformal eigenvectors, which is our
main technical tool.
2. We first recall the main results of Lipatov [6] for the scattering ampli-
tudes of colorless objects in QCD in the L.L.A.,
A (s, t) = is
∫
dω
2iπ
sω fω
(
q2
)
; t = −q2 (1)
with
fω
(
q2
)
=
∫
d2k d2k′ φ(1) (k, q)φ(2) (k′, q) fω (k, k
′, q) (2)
where fω (k, k
′, q) can be interpreted as the t-channel partial-wave amplitude
and k′, k are the 2-dimensional transverse components of the exchanged gluon
2
momenta (see fig.1). The vertex functions φ(1),(2) (k, q) characterize the inter-
nal structure of the colliding states and can be calculated from perturbation
theory in some cases. Our aim is to provide general rules obeyed by the
vertex functions in a conformal invariant framework.
For this sake it is convenient to use the representation in terms of impact
parameters ρi
δ(2) (q−q′) fω (k, k
′, q) = (2π)−8
∫ ∏
r=1,2
d2ρr
∏
r′=1,2
d2ρ′r ×
fω (ρ1, ρ2, ρ
′
1, ρ
′
2) exp [ikρ1 + i (q−k) ρ2 − ik
′ρ′1 − i (q
′−k′) ρ′2] (3)
Following Ref.[6]:
δ(2) (q − q′) fω
(
q2
)
=
1
2π8
∫
d2ρ1 d
2ρ2 d
2ρ′1 d
2ρ′2 φˆ
(1) (ρ1, ρ2, q)
× φˆ(2) (ρ′1ρ
′
2, q
′) fω (ρ1, ρ2, ρ
′
1, ρ
′
2) (4)
where
φˆ (ρ1, ρ2, q) =
∫
d2k φ (k, q) eikρ1 ei(q−k)ρ2 . (5)
Note that, by virtue of gauge invariance
φ(1,2) (k, q) |k=0 = φ
(1,2) (k, q) |k=q ≡ 0. (6)
In the BFKL formalism, using the conformal invariant basis En,ν (ρiα, ρjα) ,
where ρkl ≡ ρk − ρl, one obtains
fω (ρ1, ρ2, ρ
′
1, ρ
′
2) =
∑
n
∫
c (n, ν) dν
[ ω − ω (n, ν)]
×
∫
d2ρ0 E
n,ν (ρ1′0, ρ2′0)E
n,ν (ρ10, ρ20) , (7)
with
c(n, ν) =
(
ν2 +
n2
4
){[
ν2+
(
n−1
2
)2][
ν2+
(
n+1
2
)2]}−1
, (8)
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where En,ν (ρiα, ρjα) are the SL(2,C) eigenvectors corresponding to eigenval-
ues ω (n, ν) defined by the quantum numbers ν ∈ ℜ, the conformal dimension
and n ∈ Z, the conformal spin.
ω (n, ν) =
2αsNc
π
[
ψ (1)−Re
{
ψ
(
1 + |n|
2
+ iν
)}]
(9)
En,ν (ρiα, ρjα) =
(
ρij
ρiαρjα
)µ+1/2(
ρ¯ij
ρ¯iαρ¯jα
)µ˜+1/2
(−1)µ−µ˜ (10)
where
µ = iν −
n
2
; µ˜ = iν +
n
2
. (11)
Now it is convenient to introduce the mixed representation of these eigenvec-
tors using a Fourier transform
En,νq (ρij) =
2π2
bn,ν
∫
d2ρ0
|ρij |
e
iq
(
ρi0+ρj0
2
)
En,ν (ρi0, ρj0) , (12)
where bn,ν is given in Ref. [6]. Note that there exists an analytic expression
[8] for En,νq (ρ) , namely
En,νq (ρ) =
( q¯
8
)µ (q
8
)µ˜
Γ (1/2− µ) Γ (1/2− µ˜)
×
[
J−µ
( q¯ρ
4
)
J−µ˜
(qρ¯
4
)
− (−1)µ−µ˜ Jµ
(qρ¯
4
)
J−µ˜
(qρ¯
4
)]
. (13)
The completeness of the conformal basis implies an orthogonality relation in
the mixed representation [8]
1
4π2
∫
d2ρ
|ρ|2
En,νq (ρ) E¯
n′,ν′
q (ρ) = δn,n′δ (ν−ν
′)+δ−n,n′δ (ν+ν
′) (q)2µ˜ (q¯)2µ eiδ(n,ν),
(14)
where the phase eiδ(n,ν) is defined in Ref.[6].
3. Using now the expression (4) in the definition (3) of fω (q
2) yields after
some algebra
δ2 (q−q′) fω
(
q2
)
= (2π)−8
∑
n
∫
d2ρ1d
2ρ2d
2ρ′1d
2ρ′2 d
2kd2k′
×
∫
c (n, ν) dν
(ω − ω (n, ν))
∫
d2ρ0 e
i(q−q′)ρ0E
n,ν
(ρ1′0,ρ2′0)E
n,ν (ρ10, ρ20)
×φ(1) (k, q)φ(2) (k′, q) e[ikρ10+i(q−k)ρ20−ik
′ρ1′0−i(q′−k′)ρ2′0] (15)
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The integral over d2ρ0 yields the expected 2π
2 δ(2) (q − q′) and we get
fω
(
q2
)
=
∑
n
∫
c (n, ν) dν
(ω − ω (n, ν))
V n,ν1 (q) V
n,ν
2 (q) , (16)
with
V n,ν1 (q) =
1
(2π)3
∫
d2ρ10d
2ρ20d
2k φ(1) (k, q) ei[kρ10−(k−q)ρ20] En,ν (ρ10, ρ20) ,
(17)
and a similar expression for V2. Formula (16) clearly exhibits the factorization
between, respectively, the BFKL kernel, the upper, and the lower vertex of
the QCD t-channel partial waves.
Let us now discuss the functions φ(1,2). From now on, we shall assume
that the exchanged gluon-gluon state is linked to a quark-antiquark color
singlet, through an eikonal current. Under this physical assumption related
to a well-known semi-classical description of scattering, the functions φ(1)
and φ(2) read
φ(1) (k, q) =
∫
d2r f1 (r)
{
ei
k
2
r − e−i
k
2
r
} {
ei
(q−k)
2
r − e−i
(q−k)
2
r
}
(18)
The eikonal formulation is such that the QCD gauge invariance relations
(6) are automatically fulfilled. f1 (r) is the function which describes the
internal structure of the incident state and thus is momentum-independent.
In formula (17) for the vertex function V n,ν1 (q) , the integral over d
2k can
thus be easily performed. Indeed
1
(2π)2
∫
d2k eiqρ20eik(ρ10−ρ20)
[(
ei
q
2
r + c.c.
)
−
(
e−i
q
2
reikr + c.c.
)]
= eiqρ20
(
eiq
r
2 + c.c.
)
δ(2) (ρ10 − ρ20)
−eiqρ20
[
e−i
q
2
rδ(2) (ρ10 − ρ20 + r) + e
i q
2
rδ2 (ρ10 − ρ20 − r)
]
. (19)
The δ2 (ρ10 − ρ20) term gives no contribution since E
n,ν (ρ10, ρ20) vanishes at
ρ10 = ρ20.
The last term in (19) yields after ρ10-integration
V n,ν1 (q) = −
∫
d2r f1(r)
∫
d2ρ20
{
eiq(ρ20+
r
2)En,ν (ρ20+r, ρ20) + (r ⇒−r)
}
5
= −2
∫
d2r f1 (r)
∫
d2R eiqREn,ν
(
R −
r
2
, R +
r
2
)
=
bn,ν
π2
∫
d2r f1 (r) |r|E
n,ν
q (r) . (20)
Note that using the eikonal coupling is nothing but projecting f1 (r) on the
eigenvectors En,νq of the mixed representation.
To proceed further it is convenient to expand a generic function f1 (r) on
the complete basis En,ν . Here this function depends on r = σ12, where σ1
(resp. σ2), is the quark (resp. antiquark) transverse coordinate.
f1 (r) =
∑
n′
∫
dν ′
∫
d2σ0
|σ12|
4 f
n′,ν′
1 E¯
n′,ν′ (σ10, σ20) . (21)
where the coefficients fn,ν do not depend on σ0 since f1 describes the internal
structure of the incoming state independently of the reference coordinate σ0.
Now ∫
d2σ0 E¯
n′,ν′ (σ10, σ20) = |σ12| E¯
n′,ν′
q=0
b¯n′,ν′
2π2
, (22)
with
En
′,ν′
q (σ12) |q=0 = (σ12)
µ′ (σ¯12)
µ˜′ , µ′ = iν ′ −
n′
2
, µ˜′ = iν ′ +
n′
2
(23)
which obeys the orthogonality relation (14) for q = 0, namely
1
2π2
∫
E¯n
′,ν′
0 (σ12)E
n,ν
0 (σ12)
d2σ12
|σ12|
2 = δn,n′ δ (ν−ν
′) . (24)
The coefficients fn
′,ν′
1 are readily obtained by inversion
fn
′,ν′
1 =
1
b¯n′,ν′
∫
d2σ12 f1 (σ12)E
n′,ν′
q=0 (σ12) |σ12| . (25)
Inserting the analytic form (23), we get at once
fn
′,ν′
1 =
1
b¯n′,ν′
∫
rdrdθ |r|2iν
′+1 e−in
′θ f1 (~r) (26)
Note that in the isotropic case f1 (~r) = f1 (r) . The angular integration yields
n′ = 0 and f 0,ν
′
1 is nothing but the Mellin transform of f1 (|r|) .
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The final expression for the vertex function V n,ν1 (q) reads
V n,ν1 (q) = 2bn,ν
∑
n′
∫
d2ν ′ fn
′,ν′
1
1
2π2
∫
d2r
|r|2
En,νq (r) E¯
n′,ν′
0 (r). (27)
All amounts to compute the pseudo orthogonality relations (i.e. for Eq and
E0), namely
I = −
1
2π2
∫
d2r
|r|2
En,νq (r) E¯
n′,ν′
0 (r). (28)
Crucial for the vertex evaluation, the calculation of the pseudo orthogo-
nality relation (27) is given in the appendix A1. First, by mere symmetry
property, El,λq
(
|r|eiφ
)
= (−1)lEl,λq
(
|r|ei(φ+pi)
)
where φ is the (r, q) angle, only
the configurations with integer n−n
′
2
do contribute, elsewhere I ≡ 0. In the
latter case, the result reads
I =
1
4π
(−1)
n−n′
2
[q
8
]µ˜−µ˜′ [ q¯
8
]µ−µ′ Γ(1−µ)
Γ(µ˜)
Γ
(
µ+µ′
2
)
Γ
(
−µ+µ′
2
)
Γ
(
1− µ˜+µ˜
′
2
)
Γ
(
1− µ˜
′−µ˜
2
) . (29)
4. The result (29) leads to quite noticeable selection rules. Indeed, the
integral I does exhibit simple poles which are only located at
µ+ µ′ = −2p1 ; µ
′ − µ = −2p2 ; p1,2 ∈ N. (30)
At once, using the definition (23) one notes that poles contributing to the
ν ′ integral of the vertex (27) have the same imaginary part iν ′ = ±iν and,
for the real part, n±n
′
4
is an integer. In fact, it is already known [8] that the
BFKL Pomeron exchange implies n even, from symmetry of the reaction.
Hence, the relation boils down to n−n
′
4
being an integer.
This result is meaningful. The pseudo orthogonality relation (29) tells us
that there exists a stringent selection rule, since only spacing by 4 is allowed,
namely
n− n′ = 0,±4,±8, ...,±4p ; p ∈ N. (31)
As a consequence, for an isotropic vertex n′ = 0, only SL(2,C) eigenvectors
with n = 0 · · ·±4p do contribute. Conversely, the n = 0 component, which is
the BFKL Pomeron is coupled only to vertex coefficients with n′ = 0 · · ·±4p.
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Conformal invariance thus predicts subassymptotic contributions in en-
ergy, the first one being of the form (see e.g. formula (1):
A(s, t = 0) ≃ sω(n=4,ν≃0), (32)
where the value ν ≃ 0 corresponds to the dominant sadddle-point at t = 0
and, from (9), the intercept is given by,
ω (n = 4, ν = 0) =
2αsNc
π
[ψ (1)− ψ (5/2)] . (33)
The high-energy behaviour (32) has to be compared with the dominant BFKL
behaviour given by sω(0,0). The difference of intercepts is thus
ω (0, 0)− ω (4, 0) =
2αsNc
π
[ψ (1/2)− ψ (5/2)] =
16
3
αsNc
π
. (34)
Interestingly enough, a phenomenological determination of the BFKL inter-
cept based on proton structure functions gives ω (0, 0) ≃ .3[3] and leads to
ω (0, 0)−ω (4, 0) = 3
4 ln 2
ω (0, 0) ≃ 1.9 ω (0, 0) of the order 0.6. It is thus likely
that conformal invariance selection rules does not contradict some aspects of
subassymptotic corrections to the Pomeron.
Using the pseudo-orthogonality relation (29), one finally gets the expres-
sion of the vertex functions, namely
V n,ν1 (q) =
bn,ν
2π
(−1)
n−n′
2
Γ(1−µ)
Γ(µ˜)
∑
n′
∫
d2ν ′ fn
′,ν′
1
×
[q
8
]µ˜−µ˜′ [ q¯
8
]µ−µ′ Γ(µ+µ′2 )Γ(−µ+µ′2 )
Γ
(
1− µ˜+µ˜
′
2
)
Γ
(
1− −µ˜+µ˜
′
2
) . (35)
In order to take advantage of the simple pole structure of I, we have
to deform the imaginary z = iν ′ integration contour upon the real axis. In
order to do so, we have to discuss both the convergence properties of I for
large z modulus and the analytical structure and convergence properties of
the vertex coefficients fn
′,−iz
1 . We obtain for large |z| :
|I| ≃
[qq¯
64
]−ℜz
Γ4(
z
2
) ∝
{
|z|
2
}−2ℜz
. (36)
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It is clear from (36) that, in absence of a modification of the dominant be-
haviour of the vertex integrand by the vertex coefficients fn
′,−iz
1 , the integral
contour may be closed on the left of the z-plane, picking the two series of
pole contributions at z = iν − n−n
′+4p1
2
and z = −iν + n+n
′−4p2
2
, provided
ℜz be a negative integer. This gives two convergent series for all values of q,
whose contributions are obtained at the poles fixed by the BFKL dynamics.
Conversely, if the convergence properties of the vertex coefficients fn
′,−iz
1
allow a contour deformation to the right of the complex z-plane, one ob-
tains another convergent series for all values of q, but picking up now the
singularities of these vertex coefficients.
An intermediate and interesting alternative is when there is a matching
of the large z behaviour of I and fn
′,−iz
1 . In this case one may deform the
contour to the left (resp. to the right), if q < qc, (resp. q > qc), where
the radius of convergence qc is easily determined knowing the behaviour of
fn
′,−iz
1 , compared to that of I.
Note that in all three cases, one obtains a finite answer for every value
of the momentum transfer q. In the first two cases, there is a unique regime
for the q dependence of the vertex function, which is determined either by
BFKL dynamics or by the vertex coefficients. In the third (intermediate)
configuration, one observes the existence of two regimes, one for small q with
BFKL dynamics and one at large q with vertex dynamics. As an illustration
of this discussion, let us consider some physical examples [7] of the function
f1(r), corresponding to the simple isotropic case. A typical hadron non-
perturbative probability distribution may be of the form f(r) ∝ e−Q
2
h
r2 ,
where Qh is a typical (small) hadronic scale. Using formula (26), this leads
to f 0,−iz1 ∝ Γ(−z) at large z. Hence, this belongs to the first case (left
contour). For a high-Q2 virtual photon external state, perturbative QCD
leads to f(r) ∝ K0,1(Qr), and thus to f
0,−iz
1 ∝ Γ
2(−z) ≃ Γ4(−z
2
) at large z,
so that we are in the third case with a finite radius of convergence. This is
the case with two different regimes of vertex q-dependence. Notice that, for
a non-perturbative type of coupling our conclusions differ from [7], since in
this case, we have shown that there is only one, BFKL-dominated, regime
instead of two.
5. Let us summarize our main results on the general eikonale coupling of
a quark-antiquark state to the BFKL Pomeron:
i) The conformal invariance properties of the BFKL kernel lead to a
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general exact solution for the vertex functions using the SL(2,C) expansion
of the quark-antiquark probability distribution. It amounts to the projection
of this probability distribution on the SL(2,C) eigenvector En,νq , see formulae
(20,33), where use is made of a pseudo orthogonality relation involving En,νq
and En,ν0 , where q is the transverse momentum of the reaction.
ii) Non-trivial selection rules are obtained for the conformal spins n and
n′, where the former governs the energy dependence of the Pomeron com-
ponents and the latter is associated with vertex function components. One
gets n− n′ = 4p, with p integer.
iii) As a consequence, an isotropic vertex (n′ = 0) leads to a selection
rule on the subassymptotic components of the BFKL kernel. Their effective
difference of intercept with the Pomeron is given by
ω (0, 0)− ω (4p, 0) =
2αsNc
π
[
ψ (1/2)− ψ
(
4p+ 1
2
)]
. (1)
Phenomenologically, the first subassymptotic component is around .6 below
the BFKL Pomeron, and thus could play a roˆle for models using the BFKL
formalism. Conversely, the vertex function components coupled to the main
BFKL component (n = 0) are limited to conformal spins n′ = 4p, which may
indicate interesting selection rules on the angular momenta of the qq¯ states
coupled to the QCD Pomeron.
iv) The solution for the vertex can be expressed as a convergent series
for all values of q. More precisely, In almost all cases, the series is given
by the residues of the poles of the BFKL coefficient function I, see formula
(29). In some cases, e.g. virtual photon QCD vertex, there is a finite radius
of convergence q = qc, below which the same is true, while for q > qc the
expansion is given by the residues of the poles related to the quark-antiquark
probability distribution in the photon. In this case two regimes are present
in the transverse momentum distribution.
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APPENDIX A1. Pseudo-orthogonality relations
Using formulae (10-12) the integral I is expressed by
I = (−1)n
bn,ν
2π2
∫
d2ρd2Reiq·Rρµ+µ
′
ρ¯µ˜+µ˜
′
[
R2 −
ρ2
4
]−(µ+ 12) [
R¯2 −
ρ¯2
4
]−(µ˜+ 12)
,
(A1)
for n−n′ even, and is 0 for n−n′ odd. The change of variable ρ2 = 4R2r
yields
I = (−1)n
bn,ν
π2
∫
d2rr
µ+µ′
2
−1r¯
µ˜+µ˜′
2
−1 [1− r]−(µ+
1
2) [1− r¯]−(µ˜+
1
2)
× 2(µ+µ
′+µ˜+µ˜′)
∫
d2R eiq·R Rµ−µ
′−1 R¯µ˜−µ˜
′−1. (A2)
Using now known mathematical identities [6, 9, 10], one writes∫
d2r r
(
µ+µ′
2
−1
)
r¯
(
µ˜+µ˜′
2
−1
)
[1− r]−(µ+
1
2) [1− r¯]−(µ˜+
1
2) =
sin pi
2
(µ+ µ′) sin pi
2
(−µ + 1/2)
sin pi
2
(µ′−µ+ 1)
Γ
(
µ+µ′
2
)
Γ (−µ + 1/2)
Γ
(
µ′−µ+1
2
) Γ
(
µ˜+µ˜′
2
)
Γ (−µ˜ + 1/2)
Γ
(
µ˜′−µ˜+1
2
) , (A3)
and ∫
d2Reiq·RRµ−µ
′−1R¯µ˜−µ˜
′−1 =
[q
2
]µ˜−µ˜′ [ q¯
2
]µ−µ′
ei
pi
2
(µ′−µ+µ˜−µ˜′) sin π (µ˜′ − µ˜) Γ (µ′ − µ) Γ (µ˜′ − µ˜) . (A4)
Using the Γ doubling formula Γ(µ
′−µ)
Γ
(
µ′−µ+1
2
) ≡ 2µ′−µ−1√
pi
Γ
(
µ′−µ
2
)
and the definition
[6] of bn,ν , one gets at last the equation (29) of the text. namely
I =
1
4π
(−1)
n−n′
2
[q
8
]µ˜−µ˜′ [ q¯
8
]µ−µ′ Γ(1−µ)
Γ(µ˜)
Γ
(
µ+µ′
2
)
Γ
(
−µ+µ′
2
)
Γ
(
1− µ˜+µ˜
′
2
)
Γ
(
1− µ˜
′−µ˜
2
) . (A5)
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